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ABSTRACT: We study the instanton effective action of four-dimensional deformed N = 4
supersymmetric Yang-Mills theory in the presence of constant, self-dual Ramond-Ramond
(R-R) 3-form background in type IIB superstring theory. We compare the instanton effec-
tive action with the low-energy effective action on D(—1)-branes in the D3-D(—1) system
in the same background. We find that discrepancy appears at the second order of the
R-R background, which was also observed in deformed A/ = 2 theory. This discrepancy
is resolved if the action of the deformed gauge theory is improved by introducing a term
with coordinate-dependent gauge coupling. We obtain the same deformed instanton effec-
tive action from super Yang-Mills theory in ten-dimensional 2-background by dimensional
reduction. We also discuss another type of R-R 3-form background which corresponds to
massive deformations of the instanton effective action.
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1 Introduction

It has been known that closed string backgrounds induce non-trivial effects on D-branes,
which are useful to investigate non-perturbative effects in gauge theories. The low-energy
effective field theories on D-branes in closed string backgrounds are described by deformed
gauge theories. For example, the field theory on D-branes in the constant NS-NS B-field
background is described by noncommutative gauge theory [1, 2]. It was shown that non-
commutativity resolves the small instanton singularity in the moduli space of instantons [3].

Since superstring theory contains various Ramond-Ramond (R-R) closed string back-
grounds, it would be interesting to study supersymmetric gauge theories deformed in R-R
backgrounds. These deformed theories are useful to investigate non-perturbative effects in
field theories and also stringy effects from the viewpoint of field theory. Constant self-dual
graviphoton background, for example, plays an important role to study F-terms in N' =1
supersymmetric gauge theories [4-7]. This background originates from the self-dual R-R
5-form in type IIB superstring theory.

To obtain deformed low-energy effective theories in closed string backgrounds by taking
the zero-slope limit o/ — 0, we need to specify the scaling condition for the backgrounds.
For example, the constant self-dual graviphoton background F(#  where a, 3 are four-
dimensional spinor indices and () denotes the symmetrization with respect to a and f3,
with fixed (271'0/)%.7: (@8) induces non(anti)commutativity in A” = 1 superspace [8, 9]. Su-
persymmetric gauge theories and deformed instantons in the N' = 1 non(anti)commutative



superspace have been studied extensively [10-12], which are realized by D3-branes and
D(—1)-branes at the singularity of the orbifold C3/(Zs x Zs) in the graviphoton back-
ground [13].

When we consider D3-branes at the C2/Zs orbifold singularity, the low-energy effective
theory is described by N = 2 super Yang-Mills theory. The self-dual R-R 5-form back-
ground F@AI) with the scaling condition (271@')%.7:(043)(U) = fixed, where I,J = 1,2 are
SU(2)r R-symmetry indices, induces N/ = 2 non(anti)commutative superspace with non-
singlet deformation [14, 15]. The constant R-R 1-form field strength background FlefIlJ]
where [af] denotes the anti-symmetrization with respect to « and 3, is expected to pro-
vide the singlet deformation (see for example [16]). The low-energy effective theory of
D3-branes in the self-dual R-R 5-form background F@HAB) (A B = 1,...,4) on the
flat ten-dimensional spacetime has been studied in [17, 18], which would correspond to
non(anti)commutative N' = 4 super Yang-Mills theory [19-21]. Here A and B are SU(4)g
R-symmetry indices.

Recently, low-energy effective theories on D-branes in the constant R-R 3-form field
strength background have been attracted much attentions in study of non-perturbative
effects in supersymmetric gauge theories. There are two types of the constant R-R 3-form
field strength: FEAU/ and FleAI)) - We call these (S,A) and (A,S)-type background,
respectively. In [22], they studied the low-energy effective action of D(—1)-branes in the
D3-D(—1) system located at the singularity of the orbifold C2/Zs in the (S,A)-background
with the scaling condition (2770/)%]: (@A) = fixed and found that the action coincides
with the instanton effective action of N' = 2 super Yang-Mills theory in the Q-background.
This deformed instanton effective action is very useful to obtain the exact formula of the
prepotential via localization technique [23, 24].

In [25], we studied the deformed N/ = 2 and N = 4 super Yang-Mills theories as the
low-energy effective action of the D3-branes in the (S,A) and (A,S)-type backgrounds with
the same scaling condition as in [22]. Then it is natural to expect that the instanton ef-
fective action derived from the D3-D(—1) system can be also calculated from the ADHM
construction of instantons [26] of the deformed gauge theory. However, in [27, 28] we found
that there exists a discrepancy between the ADHM construction of instanton effective ac-
tion in deformed N = 2 super Yang-Mills theory and the D(—1)-brane effective action in
the D3-D(—1) system at the second order in the R-R background. This is due to the fact
that the (S,A)-background field gives the mass term to the moduli corresponding to the
position of D(—1)-branes, which breaks the translational symmetry. We showed that if
we improve the action of the deformed gauge theory by adding a term with coordinate-
dependent gauge coupling constant, we can recover the instanton effective action obtained
from the D3-D(—1) system. Although we do not know yet string theoretical derivation
of this improvement term, the deformed gauge theory in the (S,A)-background provides a
simple method to obtain the deformed instanton effective action from the D-brane config-
uration. Therefore it is interesting to investigate whether this kind of improvement of the
deformed action happens in other theories.

In this paper, we will generalize the A/ = 2 calculations [27, 28] to the case of deformed
N = 4 super Yang-Mills theories. Since N' = 4 theories have maximal supersymmetry, the



(S,A) and (A,S)-type backgrounds admit more general deformations and the deformed N =
2 theories can be obtained by the orbifold projection. The deformed effective action of the
D(—1)-branes embedded in the D3-branes is evaluated by the open string disk amplitudes
with background corrections and is compared with the ADHM instanton calculus based on
the deformed D3-brane action. As in the case of the A" = 2 theory, we find a disagreement
between them at the second order in the deformation parameter. This disagreement can
be resolved by adding a term with spacetime coordinate-dependent gauge coupling, which
we call the improvement of the action. We then find that both approaches give the same
result. We also find that this instanton effective action is obtained from N = 4 gauge
theory in the Q2-background defined in ten dimensions, which is a natural generalization of
the six-dimensional 2-background in N = 2 theory [23].

We will also discuss the (A,S)-type deformation of the instanton effective action. In the
case of the (S,A)-type deformation, certain bosonic ADHM moduli have mass term, whose
mass depends on the deformation parameters. In the case of the (A,S)-type, the chiral
fermions in deformed super Yang-Mills theory have mass term. In fact, the (A,S)-deformed
instanton effective action becomes that of mass deformed N = 4 super Yang-Mills theories.
In the instanton effective action, this corresponds to mass term for certain fermionic moduli.

The organization of this paper is as follows. In the next section, we evaluate open string
disk amplitudes corresponding to the string that at least one of the end points is attached
on the D(—1)-branes and calculate the deformed instanton effective action up to the second
order in the deformation parameter. In section 3, we study the (S,A)-type deformed N' = 4
super Yang-Mills theory on the D3-branes and the ADHM construction of instantons. In
section 4, we study the Q-background deformation of N' = 4 super Yang-Mills theory
and compare the results with those obtained in section 2 and 3. In section 5, we study
the deformation in the (A,S)-type background. Section 6 is devoted to conclusions and
discussion. Detailed calculations of open string disk amplitudes are presented in appendix
A. A brief introduction of the ADHM construction can be found in appendix B.

2 (S,A)-deformed N = 4 instanton effective action from string ampli-
tudes

In this section we calculate the instanton effective action based on the low-energy effec-
tive action of the D3-D(—1) system deformed in the (S,A)-type background. Firstly we
summarize notations and conventions used in this paper. We denote a,& = 1,2 spinor
indices of four dimensional Euclidean spacetime 2™ = (z!, 22, 23, x4), which is the world-
volume of D3-branes. We follow the notation of [29]. Euclidean sigma matrices are
Omac, = (iT1,i72it3,1) and 62° = (—it!, —iT?, —i73,1), where ¢ (c = 1,2,3) are the
Pauli matrices. They satisfy ¢¢™ + o™ = ¢™c™ 4+ "¢ = 2§""*. The Lorentz gen-
erators are O,, = %(Umﬁn — 0p0m) and Gy = i(&man — 0nom). The 't Hooft symbols
N, and 75, are defined by o,y = %nfmﬂc and Gy, = %ﬁfnnTc. We use A=1,...,4 for
5 10

)

SU(4)r R-symmetry indices for the rotation in six-dimensional space z% = (z°,...,2'"),

which represents transverse directions of D3-branes. The six-dimensional matrices > and



(EG)AB - (7737 _iﬁ37 7727 _iﬁ27 7717 Zﬁl) 9 (EG)AB - (_7737 _iﬁ37 _7727 _iﬁ27 _7717 iﬁ1)7 (21)

which satisfy 2030 + £0%e = $bye 4 ve5b = 259 The Lorentz generators are L% =
1(2e8b — ¥P89) and £ = F(Sexb — $bye),

Instantons with topological number &k are obtained by the ADHM construction and
are parametrized by the ADHM moduli [26]. In A/ = 4 super Yang-Mills theory, the
bosonic ADHM moduli are (al,,)i; and wy;ja, where ¢,7 = 1,...,k are instanton indices,
u=1,...,N is a gauge index. We define (al,);; as (a,,)i; = 255%(al,,)ij- In addition, we
introduce bosonic auxiliary fields x, and D¢ (¢ = 1,2, 3), which are k x k complex matrices.
D¢ is the Lagrange multiplier for the ADHM constraints. Fermionic ADHM moduli are ji,;

and (M'é)ij. There exist fermionic auxiliary fields 1 for the fermionic ADHM constraints.

In string theory, gauge theory instantons with instanton number &k are understood
as k D(—1)-branes embedded in D3-brane worldvolume [30]. The N' =4 ADHM moduli
parameters of the instantons correspond to the zero-modes of the open strings whose at
least one endpoint is attached to the D(—1)-branes. The instanton effective action is
obtained by evaluating the disk amplitudes which contain vertex operators associated with
the ADHM moduli and the vacuum expectation values (VEVs) of the adjoint scalars living
on the D3-branes. The effect of closed string backgrounds is interpreted as the insertions

of the closed string vertex operators in the disk [22].

We start from reviewing the undeformed instanton effective action in the absence of the
(S,A)-type background [31]. We use the NSR formalism to calculate disk amplitudes. The
relevant vertex operators associated with the instanton moduli are listed in table 1 [31].
Here we denote the vertex operator for moduli ® in the ¢-picture by ngq). The worldsheet
fermions are decomposed into 1" and ¥®. ¢ is the bosonized ghost whose momentum in a
vertex operator specifies the picture number. A and A are twist fields, which interchange
the D3 and D(—1) boundary in a disk amplitude [32]. The ten-dimensional spin field is de-
composed into the four-dimensional part S¢, S; and the six-dimensional part S, S 4. More
detailed explanation for the convention and notation of these worldsheet variables can be
found in [14, 17]. The zero-modes from the D(—1)/D(—1) strings belong to the adjoint rep-
tU1V] = kU

resentation of U(k). Its generators tV are normalized as try| , where the trace

is taken over k£ x k matrices. gy = (277)_%95% o/~ is the coupling constant of the D(—1)-
branes [33], which should go to infinity in the zero-slope limit with fixed string coupling con-
stant gs. Note that in order to reproduce the correct field theory result, some of the moduli
should be rescaled by go in the zero-slope limit [31]. In addition to the A" = 4 ADHM moduli
fields it is convenient to introduce new auxiliary fields Y4, Xaa, Yaa to write quartic inter-
action terms from the cubic interactions for the auxiliary fields as in the case of N’ = 2 [22].

From the charge conservation for the bosonized fermions in the correlator, it is easy



Brane Vertex Operator Representation

D(~1)/D(-1) | VS V() = %(m')%goa;nm—ww

V() = %(m’)%xawm )
Vo2 () =m(2mal ) go M SaSae=3(y) | U(R) adjoint
VOV () = 20210’ ) 154 SV S e 20 (y)
V) (y) = 2(2m0") Dot (y)
Vi () = dr (2m0)goYinat ™" (9)
D3/D(-1) |V V() = 2 (2ra’)2gowaAS e (y)
Vi ) §<2m> 0TS e (y)
Vpgfl/?)(y)— (QWQ)% pAAS e 3¢ (v) U(k)xU(N) bi-fundamental
Vé‘””(y) = n(2ra’) i gop RS ae” 2% (y)
VI2(y) = 2v2r (270" go Xaa AS ) (y)
V2 (y) = 2v2r (270 ) g0 X 6a AS 4 (y)

Table 1. N/ =4 ADHM vertex operators

to find that the non-zero amplitudes in the limit o/ — 0 are

OV, APV, v VD),

(=1/2)y,(~1)7/(—1/2) (=1/2) (1/2) (—1) (=1/2) 3 ,(=1/2)y/(-1)
(Va 7V, D (V" Ve VT (Vg Y, Vi

X K X K

>>?

(2.2)

VPV I, (VIR V) v VT V) v v V)

I

Calculating all the amplitudes and taking the limit, we find that the amplitudes in (2.2)

are reproduced by the following low-energy effective action

0 2772 m <&
Sstr = Ttrk Y™ Yma — XaaX o
+2Yma[Xaa a;n] - Xda(Xawd - 171%52) - (dea - ngwd)yaa
1 — 1 —
+=(EYapi (—1Pxa + o) — (") ap MM P,

2 2
—i® 4 (ﬂAwa +wap® + (M4 )

—iDc(TC)‘j‘B <w5wd + d/Baa;d> }

(2.3)

where ¢? are the VEVs of the adjoint fields in /' = 4 super Yang-Mills theory. Note that
the VEV-dependent amplitudes can be calculated similarly by replacing x, — —@2.

The instanton effective action (2.3) is invariant under the supersymmetry transforma-

tions:

5 Qe ZgaAM
MI A - —9; ga (EG)ABYma(O'm)ad,




0Voma = €0 [xps M'OA)(0™) 5 (E0) A% + 2(2) AP (6™™)7 5€R W54, aly),

Swe, = igap’,

ot = 205 (2 X a0,
0Xaa = 2i€an(E")cP (1Cxb — ) — E5,4 (5P (wathy, — 205ws0),

Swg = i€aafi,

ot = 2i€ap(R") P Xy,

XE = 2 A i — ) — (G (i — 26y,

0Xa = (EG)ABgdA@%

005 = (5)a” [xas \oJ€B — iD - 7 41,

6D = —i7 (5P Eap [0, vl (2.4)

After integrating out the auxiliary fields Yinae, Xaa, Xaa in (2.3), we obtain the low-

energy effective action [34]

~ 22 . .
Sgtr = 7trk |: - [Xaa a;n]Q + (dea - ¢2wd) (Xawa - wa(ﬁg)

1 — 1 —
#5E D an (P + ) = 5 an MM,
+SADHM; (2.5)

where

22 =4 _ _
SADHM = Ttrk [ — i) 4 (MAwa + Wap + [M,OCA7 aim])

—z‘DC(TC)dﬁ (U’)de + d’/;“a;d)] , (2.6)

is the terms providing the (fermionic) ADHM constraints. This action indeed agrees with
the instanton effective action for NV = 4 super Yang-Mills theory based on the ADHM
construction [35].

Let us introduce the (S,A)-type background. The vertex operator corresponding to
this background in the (—1/2,—1/2) picture is given as [25]

VIR () = (2ma) FOIUELS, S e 30(2) SpSpe 4 2), @7

where we have identified the left- and right-moving fields due to the boundary condition at
z = Z [31]. Since the background contains two four-dimensional spin fields Sy, Sg, we need
to insert other vertex operators including S,Sg or ¥ to get non-zero results. Otherwise
the amplitude A behaves like A o< g43F (@A)AB] and gives vanishing contribution. The
candidates of such (combinations of ) vertex operators are V,/, Vay Vg, Vp, Vy. However,
we should also saturate the internal SU(4)g charge. It is impossible to do this only by the
insertions of Vs, Vp. Therefore non-zero amplitudes which contain one V]gfl/ 27D st
also contain V¢ Ve or Vy. Considering power counting of o/ and gg, we find that the

non-zero amplitudes after taking the zero-slope limit are

<(1/15/;1/2)‘//5/;1/2)Vf(fl/z,fl/z)», <<V}£o)Va(lq)vf(q/z,q/z)»‘ (2.8)



These amplitudes are evaluated in the appendix A. After taking the zero-slope limit, the
first amplitude in (2.8) becomes

- _ _1/2,— 212 1 =a =a
(Vi PV PV R = T {5(2 ) ABMEAMP (2mi2) (2ma )3 (T )CDfW)[CD}].

(2.9)
The second amplitude in (2.8) is evaluated as
1o 272 j —
<<V)(/0) Va(/O) V](_— 1/2,—-1/2) >> — itrk[_%(zﬂ.z)(amn)aﬁ(z )ABYmaa;L(zﬂ_al)%j:(aﬁ)[AB} )
K
(2.10)

These amplitudes are reproduced by the interaction terms on the D(—1)-branes induced
by the (S,A)-type background, which are given by

272 1 —a
5S(s.A) = %m«k [QYma;cmm i )ABMZ;‘M’BBCWW] : (2.11)

where

cmna — &,ﬁfy(O,mn)a'y(ia)ABC(aﬁ)[AB}7
cledle — (59 ,gCeANAB]
CEBAB) = _on(2ra)s FOAIAB], (2.12)

We note that C™"® satisfies the self-dual condition
1
cmne = §€m"pq0pqa. (2.13)
The deformation term 6.5(g a) is added to the undeformed part (2.5). After integrating out
the auxiliary fields Y4, Xaa and X4a, we obtain the following deformed instanton effective
action

~ 2 . .
Sgr = %trk - ([Xaa a;n] + C’mnaam)2 + (dea - ¢2wd) (Xau_)a - wagbg)

1 —a 1
+5 () asi" (1" xa + 0an") = S (S ap MM P,

1 v afd)a
_Z(E ) apCPd) MLAMGP | + Sapi. (2.14)

This is a natural NV = 4 extension of the N' = 2 deformed instanton effective action found
in [22]. Note that at the second order in the R-R background, there is a mass term for the
position moduli a}, implying the fact that the position of the instantons are fixed at the
origin of the D3-brane worldvolume.

The deformed instanton effective action (2.14) preserves half of the N' = 4 supersym-
metry. We can see that the action is invariant under the following deformed supersymmetry
transformations

oal, = i€gaMLA,
5M/04A = 2ig%(za)AB(0m)ad([Xaa a;n] + alncmna)a



Swe = igap,

ot = =2iH(5) M (waxa — Powa),

ows = e,

Opt = —2iap (54" (xa® — @ ¢y),

0Xa = (B APEat3,

504 = (E) 4" [xar xel€l — iD - 7485,

6D = i (£ Peapld], xal. (2.15)
To show the invariance, the deformation parameters must satisfy the condition

Cm”aCnpb — Cm”anpa = 0. (2.16)

As we will see in section 4, this corresponds to the flatness condition for the ten-dimensional
Q-background spacetime.

3 (S,A)-deformed N = 4 super Yang-Mills theory

In this section, we calculate the instanton effective action from the (S,A)-deformed N =
4 U(N) super Yang-Mills theory obtained in [25]. Since we are interested in obtaining
instanton solutions, we perform the Wick rotation and consider the action in the Euclidean
spacetime. The deformed Lagrangian takes the form

L=_Lo+Le, (3.1)

where Lo denotes the (S,A)-deformation terms to the N/ = 4 super Yang-Mills theory. £
is the Lagrangian of N’ =4 U(N) super Yang-Mills theory
i0g°

1.1 - Y
Ly = ETr Zanan T ?ﬁ?anan + AQA(Um)aBDmA at 2 (Dmgpa)2

1 AB— —3 1 = 1

—59 (EYP Ngalpa, Ng] — 59 (EQ)AB Ao, AB] - 192[%, o)?| - (3.2)
Here F,,, = 0 An — OnAp + ig[Anm, Ay is the field strength of the U(N) gauge field A,,.
Fmn — %am”qupq is the dual field strength. A®4, Aq4 are gauginos, ¢, are adjoint scalar
fields, Dy, = O * +ig[Apm, *| is the gauge covariant derivative, g is a gauge coupling
constant and 6 is a theta angle. We denote T" as the basis of U(N) generators normalized
as Tr(T%TV) = k6" with constant factor x.! The (S,A)-deformation term L¢ in (3.1) is
given by [25]

1T 1
Lo=—=TrligFnnp.C""" = geapepA AL CEPEPT 4 59290a30b0m30mnb +o, (33)

where the deformation parameters C""% and C(“®I45] are defined in (2.12) and - - - stands
for the O(C?) contributions to the Lagrangian L.

!We use the same normalization for U(N) generators and U(k) generators.



The equations of motion are
D%pq — g(R) P Raak" 5 — g(5") apA* AP + ¢ [%, [©a) %]] +
+igFn O™ + g2 Cr*C™™ = 0,
(Um)ag'DmKﬁA — 9(E") aBlpa, Mo”1 + 202 48D AP Clap) ©Pl=o, (34)
(™) DA™ = 9(5)* 00, K] = 0,
Do (F™ 4+ ™ — 2igi0,0™™) — igloa, D"pq] — g(0™), 5 {4 K 4} = 0.

As in the case of the deformed N = 2 super Yang-Mills theory [27, 28], the terms which
contain the gauge field strength and quadratic terms in C' in the action are combined into
the perfect square form S’ as

1 1,y . 1 82 .
4 mna 2 2
S’ :/d x ;Tr [5 (FTSW)) —igC cpaFﬁ;L) — 59 (Crnaa) } + (? + Z@)k
1 1 , 2 82
4
:/d v~ Tr [5(3(,3 —i9ChmnaPa) ] + (—? +19> k, (3.5)

where we have defined Flo) = (Ep Fyuy) and have used (2.13). We then obtain the
self-dual and anti-self-dual equations for the gauge field

F&) =, for self-dual case, (3.6)
F,Sj') —19Cmna®a = 0, for anti-self-dual case. (3.7)

n

In the Coulomb branch, the adjoint scalar fields ¢, are able to have VEVs. We need to
expand the solution in the gauge coupling constant g and solve the equations perturbatively.
However, unlike the N/ = 2 case, we can not solve the set of equations of motion exactly
even for the C' = 0 case [35], so we will expand the field around the approximate solution of
the equations. The expansion in ¢ is valid when the VEVs of scalar fields are large. Then
the classical action S is expanded in the gauge coupling constant g as

82| k|

S== +ikt+ S8 + o4, (3.8)

where Ség) is the instanton effective action which is expressed by the ADHM moduli. To

calculate the instanton effective action, we need to solve the equations of motion (3.4) in
the instanton background at the leading order in the gauge coupling constant and write
down the solution in terms of the ADHM moduli. Plugging this solution into the classical
action, we obtain the instanton effective action Sé?f).

Since the anti-self-dual solution is not deformed as we discuss later, we investigate the
solutions for the self-dual case. For the self-dual condition (3.6), the solution is expanded
in the gauge coupling as [35]

Ap =g " AD + ' A 4.
A =g 3 A L A

_ _ _ ’ (3.9)
Ka=g?Ry +g58Y +---,
va =g + g? o) + -



Then the equations of motion in the self-dual background at the leading order are

(5m)dav A(O)A =0,
(Um)agvmxf)ﬁ — i) ap [P0, ADP] + 26 4pepA° )ﬁBC( )[CD] =0,

V2ol — (£ apAOMADP 1 iFf) o = o,

where V,,, denotes the gauge covariant derivative in the self-dual instanton background.
Similar to the N' = 2 case [22, 27, 28], we can write the solution in the following form

AV = _iTs,,U,

AOA — A (MA) = T(MA fby — by fMDU
D4 — Aa(MA) = T(MA fbo = baf A, -

O O VL v idca s d U
¢ 4 0 Xa]-2 + 1kCa ,

where ¢? are the VEVs of the adjoint scalar fields ¢,. C, is the 2x2 matrix whose
components are (Cy)a” = (™) Crina. Xa should satisfy the equation

1 — _ .
Ly, = Z(EG)ABMAMB + @Qws + C™a! ! ], (3.15)

where L is defined in (B.15). We present the derivation of these solutions in appendix
B. As in the N/ = 2 case, the self-dual condition F( )(5) = 0 is consistent with the equa-
tion of motion (3.13). Note that we do not need to find the solution for the anti-chiral
fermion A(©) since it contributes to the classical action as the subleading order in the gauge
coupling constant.

Substituting the expansion (3.9) back into the classical action, the instanton effective
action Sé(f)f) in (3.8) is

S = / d4wl<9mtrk Fsoéo)vmsoéo)]

1 1 ~a afl)a
/d4x —trk[ 5 )ABA(O)aA[(Pgo)’A((DgJ)B] _ 5(2 )ABC( B) Af(ﬁ?)AAEBO)B
1 4
1 (0)aAf, (0) A(0)B 0 (0) gmna
+4(2 ) A [(pa 7Aa ] 2 F C (316)

where we have decomposed the Yukawa term for later convenience. The first term in (3.16)
is easily computed as in the case of the undeformed theory. After plugging the solution
of the scalar field in (3.14) into the first term in the above expression, we find that the
C-dependent parts are canceled out and the result is

272 1 : -
——tr 4( Y apitout — w4 d¢dw® + waddwxa | - (3.17)
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Next, let us consider the second term in (3.16). To compute this term, we use the follow-
ing relations

FAOXMA O, A (MP)] = %( )i AN MY, 4 — AOKMAAD (W)

_§A&0) (MDE"4, (3.18)
where
0 ¢ (e 1/;(2) 4 3)047
¢aA = —€ABCDUM FALME FM"T,
o) = —( " apU {—MBdeM + MAdfﬂB} Ul (3.19)

,l/}aA - UQdAU7
Ban = (59 a5(C")a " Ag(MP),

and the matrices M, Q44 and N are given by

MPF = M, (i) ((‘Og)uv 0 (3 20)
A (utiar) 0 (Xa)ijfsaﬁ 4 5ij(ca)aﬁ ’ .
0 0
GA = ) 3.21
Qaa <0 (gdA)ij5a6> (3.21)
Na = (a5 [MMP — MBy,] +2 (8 gg ) ag — 204G 4, (3.22)
A
Na=(E%a8 [—MBM + xaﬂB] foag (V) ) - 26 aa (3.23)
0G a

Here G4 4 is a constant anti-Hermitian matrix and is determined so that A4 satisfies the
fermionic ADHM constraint (B.10). The last term in (3.18) cancels the third term in (3.16)
while the first term is rewritten as the total derivative term and does not contribute to
the instanton effective action. The second term in (3.18) is evaluated by Corrigan’s inner
product formula [36], which is expressed as
a1 INOETTVANG)
_2_772 lia ~A .0 B -A B. _ arglaA 4! B _lia C(aﬁ)a ! A4 B
=—trg | 5(E)ap (B @ap” =" 17 Xa = MM xa) =7 (57) 4B MM
(3.24)

Let us calculate the fourth and the last terms in the equation (3.16). To calculate these
terms, we decompose the scalar field

o0 = 0 o2 629

— 11 —



where

o _ ey gomradfuav(0 0 o 3.26
Y M,a 4( )AB MM + 0 XM,a]-Z > ( : )
0
o) =T % 0 Ny, (3.27)
’ 0 X¢,a12
O _7 (Y 0 U 3.28
(pC,a <O XC’,a]-Z + 1kCa . ( ’ )
We also decompose x, as
Xa = XM,a T X¢,a T XCya > (3.29)
where
1 sa
Xma = L7 (Z(E )ap (51" + M’O‘AM;B)> : (3.30)
Xéa = L7H 0% pqwa), (3.31)
Xca = L7 (O™ al,, al)]) . (3.32)

Then, we can rewrite the sum of the fourth and the last terms in (3.16) as

1 1 —a 1 —a
/ de —try h(z )apA@aA[p0) 4 O AOB) 2 (5%) 4 pol® A©aAp 05

¢,a’ 9 a

) 1
~5Cm P~ 5O + D) (339

The first term in the above integral is independent of C' and easily evaluated as

272 [
—1trg

1 —a .
—tr [~ (") an (At ohn” — (1407 + MOAMLP) (ena + X¢,a>)] L (339)

4

Since 305&) , and gog])a satisfy

V2o a = (5 aph @AD", (3.35)
Vi), = —iC™E0), (3.36)

the second and third terms in the integral (3.33) become the total derivatives and are
evaluated as

1 . z™ 0 0 0 0
-5 ‘xl‘gnw 27T2|x|3mtrk [gp(a)avmgpg\%a - gos\/?,avmgp(a)a] . (3.37)

We find that this term vanishes at the boundary |z| — co. Finally, we focus on the last
term in (3.33). Since we have the relation

0
© , 0 _ 7 % 0 _ T
+ =T U=UMU, 3.38
Ppa T PCa ( 0 (th,a + XC,a)lz + 1kca> ( )

- 12 —



the last term in (3.33) is rewritten as
1 — A _
— 4(CY)% / d' ~tr, [UMPba fbﬁU} , (3.39)

where Py is the projection operator defined by Py\* = Uy, U, " = 6%y — A)\Z-dfijﬁj‘j‘“. The
term (3.39) can be evaluated as in the same way in N' = 2 case [27]. The result is

272

1 .
Ttrk [ZCm”aCmnawawd — O™ (X g0+ Xc@)[a;n, a;]} . (3.40)

From these results S‘g?f) can be written in terms of ADHM moduli as follows

59 = 2t [ (€) ap b — mactn® — vl
off — P k 2 ABH Qg b wa¢a¢aw XaliXa
1< 1 .
—Z(z“) apCP ML AME + Zcm"acmmwawé,} . (3.41)

In the above instanton effective action, the N' = 4 ADHM moduli obey the ADHM con-
straints (B.4) and (B.10). We introduce auxiliary fields D¢ and 9§ for these constraints
and add the Lagrange multiplier terms to the effective action. Then we can show that the

Ségf) can be obtained from the following action by integrating out the auxiliary fields:

2

~ 2 . .
S = Ttr| = [Xas @) + (waXa — $wa) (ca®® — 0% 60)
1 — 1 <
+§(EG)ABﬁA(—XaMB +oou”) - §(EQ)ABM/QAMIQBX¢1
1 — 1 .
_Z(EG)ABc(Oéﬁ)aM/aAM%B o zcmna[a;n’ a/n]Xa + Zcmnacmnawawo'z
+SADHM- (3.42)

We also call S'é?f) the instanton effective action. The result does not agree with the string
theory calculation (2.14) at the second order in the deformation parameter. This is the
conceivable result since the (S,A)-deformed gauge theory does not break the translational
invariance and the mass term for the position moduli a}, is not allowed. To resolve this
discrepancy, let us introduce the following term and improve the (S,A)-deformed theory:

2
5S = g_ / d*2Tr [CropaCrgaa? s F™ F™,] . (3.43)

K

This term does not provide any modifications to the equations of motion at the leading
order in g and hence we can use the same solution (3.14) to calculate the instanton effective
action. The additional contribution to the instanton effective action from the term (3.43)
is easily evaluated as

g d* 2T [Cypa CrgaaP O pO)n —2—7T2tr B N o

o { 'mpaCnqa r] = k[ 4(ama +wwg )|CPChyq.  (3.44)
After adding this contribution to (3.42), the improved instanton effective action becomes
the same as (2.14).

,13,



Before going to the next section, let us comment on the anti-self-dual case. For the
anti-self-dual case, it is easy to see that these equations are not deformed by C. The
instanton effective action still contains a term F,E,?%gpgo) C™™¢ but this term vanishes due to
the self-dual condition of the background (2.13). Therefore the instanton effective action
does not receive any deformation effect for the anti-self-dual case.

4 Q-background deformation of A/ = 4 super Yang-Mills theory

In this section, we discuss the relation between the deformed instanton effective action
obtained in section 2, 3 and the one derived from A = 4 super Yang-Mills theory in the Q-
background. We will find that the deformed instanton effective action (2.14) is interpreted
as the one calculated in AN/ = 4 super Yang-Mills theory in the Q-background. Similar to
the Q-background deformation of four-dimensional N' = 2 theories which is given by the
dimensional reduction of the six-dimensional theory [23], the Q-background deformation of
N = 4 theory can be obtained by the dimensional reduction of the ten-dimensional N’ = 1
super Yang-Mills theory in the non-trivial metric

dsty = (dz)? + (dz™ + Qnadz®)?, Qg = Dpaa™ (4.1)

Here Q000 = —Qnma. The four and six-dimensional indices m and a are raised and lowered
by flat metric. The Lagrangian of N’ = 1 super Yang-Mills theory in the metric (4.1) is
given by

1

1 i
LQ) = —5Try=g |~ FunFrog" T gV e — -TeMy Dy | (4.2)
Kg 4 2

where Faqn = OMAN —On A +i[Anm, An] is the field strength of the gauge field Ay and
U is the ten-dimensional Majorana-Weyl spinor [37]. ' is the ten-dimensional gamma
matrix satisfying {T™ TN} = —29pMN M N, P,Q = 0,...,9 are curved indices while

M

M,N,... =0,...,9 are local Lorentz indices. e’"';; is the ten-dimensional vielbein and

the covariant derivative is defined by

1
Dy =Dy — §WMMNFMN, (4.3)

where Dagx = Op * +i[Apq, #| and waqprn is the spin connection. The Lorentz genera-
tor is defined as I'MN = i[FM ,T'N]. We require that the Q-background spacetime is flat.
As we will see later, this requirement ensures the existence of the supersymmetry for the
instanton effective action. We find that the flatness condition of the spacetime needs

Q" Qpy — Q" Qppa = 0. (4.4)

This is the natural generalization of the flatness condition in the six-dimensional -
background [23]. If the flatness condition (4.4) is satisfied, the only non-zero component
in the spin connection for the metric (4.1) is given as

Wamn = —QmnA. (4.5)
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After the dimensional reduction to four dimensions, we obtain the deformed N = 4 super
Yang-Mills theory. The action, which is expanded up to the second order in €2,,,,,,, has the
form £(2) = Lo+0L(2), where Ly is the Lagrangian of N’ = 4 super Yang-Mills theory (3.2)
and 0L£(€2) is the term which depends on the deformation parameter €2,,,,,,. This is given by

1 ) 2
5£(Q) - ;Tr |:ganDm<PaQna + ZQQDmQOa[QOM Spa]me + %FmpranaQna

2 - 3 2
(3
+%Dm80bDnSDanaan - %an [Spa, Qpb]Qmaan - %Dm@aDn@ananb

+%Qma {(EG)ABAQADmAaB + (EG)ABKO'zADmKdB]

_iZngna [(EG)ABAaA(O,mn)aﬁABB + (EQ)ABKdA(O_mn)dBKBB]] + O(QB) (46)

Here we have rescaled all the fields and the deformation parameter as (4,,, @q, AaA, Qna) —
(A, Pas Aa?, Qma) so that one can see clearly the power of the gauge coupling constant
in each term.

Now we are interested in the instanton effective action of this deformed theory. As-
suming the self-dual condition of the gauge field and using the gauge coupling expansion
of the solution (3.9), the equations of motion at the leading order in g are given by

( m)aav AO) =0,

i(0™)aa VA "% 4+ (59 aplpl®, AP+
—i" () a5V AL + 5 (T an (0™ AP = 0, (4.7)
VQQDSIO) + F?S?r)Lana _ (var(é)y)L)Qna _ (ia)ABA&O)AA(O)aB
v(EO + FO)Y) =,

If we identify the -background and (S,A)-background parameters through the relation
Qmna = omne (4.8)

the equations of motion for Aﬁg), gogo),A(O) are precisely equivalent to the one in the (S,A)-
deformed N = 4 super Yang-Mills theory (3.4) because of the self-dual condition of the
gauge field and the deformation parameters (2.13). On the other hand, the equation for A0
is different from the (S,A)-deformed theory. However, this does not matter when we discuss
the instanton effective action because the contributions of A®) to the instanton effective
action is subleading order in g and have no effects in the semi-classical approximation.
Explicitly, after expanding the spacetime action around the instanton background, the

terms at the order ¢° are given by

mn SDG/

1 1 1 _
S @[ dtz L1 {5vm¢g°>vmsog°>—5<EG>ABA<°>O<A[@£P>,A5?> | - EQedamne

1 : .
_§F(O)msz§O)anaQna + iana(E )ABA(O)aA(O_mn)aﬁA(O)ﬁB ] (49)
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There is no A(®-dependence in (4.9). Here we have used

a

Qma(ia)ABA(O)aAvag))B — _ana (i )ABA(O)aA (O'mn)aﬁA(O)BB
+(total derivative), (4.10)
and the total derivative part does not contribute to Ségf)(Q) in the instanton background.
Therefore, the instanton effective action for the N' = 4 super Yang-Mills theory in the
Q-background (4.9) is equivalent to the one for the N' = 4 (S,A)-deformed Yang-Mills
theory (3.16) with the improvement term (3.43) under the identification (4.8).

5 (A,S)-deformed instanton effective action

In this section, we introduce the (A,S)-type background and study the deformed instanton
effective action. In [25], we imposed the self-dual condition for the internal indices of
the (A,S)-type background. In this paper we will consider the anti-self-dual condition,
which induces the holomorphic deformation of the effective action. The vertex operator
corresponding to this background in the (—1/2,—1/2) picture is given as

VBT (2, 5) = (2ma ) FIO9) g S 546 7329(2) S 5 39(2). (5.1)

As in the case of the (S,A)-background, the non-zero amplitudes which include one (A,S)-

background vertex operator are found to be
<<VJE/;1/2)V/E/;1/2)V}71/2,71/2)>>, <<Vﬂ(—1/2)VL571/2)V](E—1/2,71/2)>>‘ (5.2)

These amplitudes are evaluated in appendix A. After taking the zero-slope limit, these
amplitudes are reproduced by the following interactions on the D(—1)-branes

9 2
5S(A,S) :—%trk [(2ﬂA,uB + MIO(AMIQB) m(AB)] , (5.3)

where we have defined the deformation parameter
map) = 772'(277(1')%.7:[‘5‘61(143)6&5. (5.4)

This result is also derived from the field theory side. The (A,S)-background induces new
interaction terms on the D3-branes giving the deformed N = 4 super Yang-Mills theory.
After the Wick rotation the action of the (A,S)-deformed N = 4 super Yang-Mills theory
is [25]

S = / d*z (Lo +0Las)), (5.5)

where Ly is the Lagrangian of N' = 4 super Yang-Mills theory (3.2) and 0L(A,s) is the
induced interaction term given by

1 axbye o
0L(As) = ;TT[—!JZ(E S5 pappemiapy + 290 A Pmap

1 =b =b
_192@&2 29482955 L oepamiapymcny | - (5.6)
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Since there are no gauge field interactions in (5.6), the (anti-)self-dual condition for the
gauge fields Fy(nin) = 0 is not modified by the (A,S)-background. As discussed in section 2,
we expand the fields by the gauge coupling constant g and solve the equations of motion
at the leading order in g. When we consider the anti-self-dual condition, we find that all
the terms in (5.6) are subleading order in g. Therefore there are no (A,S)-background
corrections to the instanton effective action for the anti-self-dual case. On the other hand,
when we consider the self-dual case and expansion (3.9), we find that the bi-fermion term
in (5.6) contributes to the instanton effective action while other terms are subleading order
in g. This bi-fermion term is recognized as the mass term for the chiral fermion A. It is
known that the chiral mass term is enough to see the effects of the instanton corrections
to holomorphic quantities [35].

The equations of motion at the leading order for all the fields except A(®) are the same
with that of the undeformed N = 4 super Yang-Mills theory. We can use the solution for
the ordinary A/ = 4 super Yang-Mills theory to compute the bi-fermion term. This term
is evaluated by using Corrigan’s inner product formula and the result is

2
/d4x %Tr [A(O)O‘AA&O)B] M(AB) = —Q%trk [2ﬂAuB + M'O‘AM;B] meap).  (5.7)

This completely agrees with the result of the string theory calculation (5.3) [38]. The
instanton effective action for the (A,S)-deformed N = 4 super Yang-Mills theory is therefore
given by the sum of (2.3) and (5.7). In a suitable basis of SU(4)g, the mass matrix is
diagonalized as m(qp) = diag(mq, mg, ms, my). If all the eigenvalues myq, ..., my are non-
zero, the deformed instanton effective action corresponds to the one in massive deformation
of N' = 4 super Yang-Mills theory. In particular, if two eigenvalues are zero and the others
take the same non-zero value, the deformed instanton effective action is that of the mass
deformed N = 2* super Yang-Mills theory [38-40]. If one or three of the eigenvalues vanish
and the others are non-zero, the deformed instanton effective action is that of the mass
deformed N = 4 super Yang-Mills theory which preserves ' = 1 supersymmetry [35].

The instanton effective action for the (A,S)-deformed N = 4 super Yang-Mills theory
is invariant under the supersymmetry transformation (2.4) with the following modifications
for the transformations of Y;na, Xaa, Xdaa, lei,

8" Yma =2i€°c(S)AC (6™) s M, P g,
' Xaa =4ilac (S uPmap),
X%y = = 48 (S P map),
5% =4EE(SY) P xamap) — 4E8(SY) P 60m ap).

For these fields, the deformed supersymmetry transformation is given by ¢ + ¢’ while for

(5.8)

another fields, the supersymmetry transformation is not modified.
Finally, when we introduce the (S,A) and (A,S)-backgrounds simultaneously, the fol-
lowing cross term would be induced in the low-energy effective Lagrangian

1 _
LCI‘OSS ~ ETT |:92 I:Soa’ Sob]cmnC(EaEbEc)ABmAB] 9 (5'9)
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where the overall coefficient is determined through the explicit calculations of the open
string disk amplitudes. This term is subleading order in g both in the self-dual and anti-
self-dual cases. Therefore the instanton effective action for the self-dual case is simply given
by the sum of (3.42) and (5.7).

6 Conclusions and discussion

In this paper, we investigated the instanton effective action of the N' = 4 super Yang-Mills
theory deformed by the (S,A) and (A,S)-type backgrounds both from the string theory and
field theory viewpoints.

In the string theory side, the instanton effective action is interpreted as the effective
action of the D(—1)-branes in the D3-D(—1) system. This is evaluated from the disk
amplitudes of open strings which have at least one endpoint attached on the D(—1)-branes.
The R-R background is introduced by an insertion of the closed string vertex operators
into the disk amplitudes.

In the case of (S,A)-type deformation, the moduli a},, corresponding to the position of
instantons get their mass at the second order of the background and hence these are fixed
at the origin in the D3-brane worldvolume. This implies that the translational invariance
is broken in the gauge theory.

On the other hand, from the viewpoint of the field theory, the instanton effective
action is obtained through the ADHM construction of solutions in the (S,A)-deformed
N = 4 super Yang-Mills theory. Since this theory has the translational invariance, there
is no mass term for a, in the instanton effective action. However, once we improve the
spacetime action, the instanton effective action agrees with the string theory calculation.

We then compared the improved action for the (S,A)-deformed gauge theory with the
one derived from the gauge theory in the Q-background. The interaction terms contain
explicit coordinate dependence and are quite different from the improved (S,A)-deformed
theory. Nevertheless, we found that the equations of motion at the leading order in the
self-dual gauge field background of the both theories coincide except for the one for the
anti-chiral fermions. The instanton effective action in both theories also coincides. This is
similar to the N' = 2 case 27, 28].

We also studied the effect of the (A,S)-type background. It can be interpreted as the
mass term for the chiral fermion in the instanton effective action. Choosing the eigenvalues
of the mass matrix appropriately, we obtained the instanton effective actions correspond-
ing to massive deformations of A’ = 4 super Yang-Mills theory with N' = 2 or /' = 1
supersymmetry. Thus the R-R 3-form backgrounds provide various deformations of field
theories and instantons.

In this paper, we also showed the supersymmetry invariance of the deformed instanton
effective action. It is important to study the topological symmetry of the deformed action
since the BRST exactness of the instanton effective action is essential in the calculation of
the instanton partition function. This subject will be discussed in a separate paper.

Recently, it is recognized that the deformation by the R-R 3-form background also plays
an important role to investigate the heterotic-type I’ duality in study of eight-dimensional
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exotic instantons [41, 42]. It would be interesting to study general deformed gauge theories
and their non-perturbative effects in various dimensions and R-R backgrounds.
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A Detailed calculation of the disk amplitudes

In this appendix, we present the detailed calculations of the open string disk amplitudes
including an insertion of the vertex operator corresponding to the closed string back-
grounds. Our conventions and notations on the type IIB string worldsheet variables are
found in [14, 17, 25]. We make use of the NSR formalism to calculate the amplitudes in
ten-dimensional Euclidean spacetime. We are interested in open string disk amplitudes
with at least one edge of the disk is attached on the D(—1)-branes. The open string vertex
operators are inserted at the boundary of the disk parametrized by real coordinates y; while
the closed string vertex operator is inside the disk parametrized by a complex coordinate z.
In general, the (n + 2)-point disk amplitude with n open string vertex operators ng?i)(yi)

(=1/2,— 1/2)(

and one closed string vertex operator Vi z,Z) with at least one boundary on the

D(—1)-branes is given by
(1) (a0)y(-1/2-1/2)y [y dyidzdz | (g))
(Vay” - Voo 'V =C4 / Wore (Vo (y1) - -
<V (Vi 2T (2 z), (A

where C_1 =

ﬁ ;2 is the normalization factor of the disk amplitudes. dVgokg is an
0

SL(2,R) invariant volume factor of the conformal Killing group to fix three positions of
the vertex operators. We fix z — 4,Z — —i and one of the y; to oo in the following
calculations. Note that because we are considering disk amplitudes, all the ¢-charges in
the bosonic ghost should add up to —2. In the following, we separately calculate the disk
amplitudes with an insertion of the (S,A) and (A,S)-background.

A.1 (S,A)-background

As we mentioned in section 2, there are only two non-zero amplitudes containing one vertex
operator of the (S,A)-background, which are given as

<<V/E/;1/2)V/E/;l/2)v}(jl/2,fl/2)>>’ <<V(0)V(0)V( 1/2, 71/2)>> (A.2)
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The first amplitude is

<<V/E/;1/2)V/$/;1/2)V}71/2,71/2)>>: 27T210/2 %(]2(%&')293(79%% M/aAM/BB(Qﬂ_a/)%]_—(yé)[CD}
0

X /y1 dya (y1 — 2)(y1 — 2)(z — 2)

— 00

5 <e—%¢(y1)e—%¢(y2)e—%¢(z)e—%¢(2)>
X(Sa(Y1)S5(y2) S (2) S5 (2)Sa(y1)SB(y2)Sc(2)Sp(2)(A.3)

Here the correlators are calculated as

IS

1

(7300300800 30 — () — yo)(n — 2)(1 — 2) (w2 — 2) (w2 — 2)(z = 2)]
(Sa(y1)S5(12)54(2)85(2)) = [ — v2)(s1 — 2) (1 = 2)(y2 — 2) (2 — 2)(= = )]
X {asepy (Y1 —92) (2= 2) —agers(y1—2) (g2 =2} , (A4)

(Sa(y1)SB(Y2)Sc(2)Sp(2)) =eapeplyi—y2) (y1—2) (1 —2) (Y2 —2) (y2—2) (2 — 2)]
(A5)

NI

1
4 .

We have omitted the overall cocycle factor [43] which will be multiplied at the end of
calculations. After fixing the positions of vertex operators such as y; — 00,2z — 1,Z — —i,
and integrating over ys, we get

_ _ 1o 21?2, 1 ,<a

xM;;B(zm'Q)(zm')%(i“)CDfWNCDl}, (A.6)

where we have used the relation e4pop = %(ia) AB (ia)cp and multiplied the cocycle
factor which has been evaluated as +i.
The second amplitude in (A.2) is

) (—1/9— 1 1 47?2
<<V3£O)Va(, I)V}(- 1/2, 1/2)>> _ 27720/2;-6—92(%0/)298 (%) try [Ymaa%(2ﬂa/)%]_—(aﬁ)[z43}]
0

) / " dys (g1 — D)1 — D)z — 2) (b1
U (0™ (12)Sa(2) S () 55(2)S1(2)). (A7)

The correlator of the ghost fields is evaluated as
(e We300e30) = (4 —2) T3y — )73 (2 — 1) (4.8)

The correlator including spin fields is calculated as

(" (y1)9" (y2)Sa(2)Sa(2)55(2)SB(2))

5mn

- mW(yz)Sa(z)SA(z)Sg(z)sB(g»
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1

+§(y1 —2)(0™)aa (") ac (V" (y2)S¥(2) S (2)S5(2)SB(Z))

1 _

5 =2)(0™) 55 0 (" (12) Sa(2)Sa(2)S” () (2)), (A.9)

where we have used the fact that "¢ acts on the other fields in the correlator as the ten-
dimensional Lorentz generator [43]. The first term in the above equation is proportional to
€qp and will vanish when it is contracted with F (@5) while the second and the third terms
are evaluated as

350 =97 [ =27 = 97 = 9] (0haal0 )
+$(y1 -z [(y2 — ) E (g~ 2) 3 (2 - 2)‘%} (0™) 556 (") pa. (A.10)

Here we have used the following relations

(" (y2) 5% (2)S5(2)) = %w")%m —2) 3y — 2) 72, (A.11)
(6" (42)Sa(2) 5% (2)) = %w")a% e (A12)
(Sa(2)SP(2)) = 645 (z — 2)7 5. (A.13)

After evaluating the yo integration, the second amplitude in (A.2) is obtained as

2 .
(Ov Dy sy 2)>>:2itrk —é(zm)(am")aﬁ(ia) ABYmad, (2ma/)2 FEAIABI (A 14)
K

where we have multiplied the cocycle factor which has been calculated as +i.

A.2 (A,S)-background

The non-zero amplitudes including one (A,S)-background vertex operator are

<<VJE/;1/2)V/E/;1/2)V}fl/z,fl/z)», <<Vﬂ(71/2)VL571/2)V](E—1/2,71/2)>>‘ (A.15)

The first amplitude is

_ _ —1/2.— 1 1 0
YYDy Yoy - K—gQ(27TO/)27T298tTk [M/aAMfﬁs(%a/)%f[aﬁ} (CD)]
0

« /yl dys (1 — 2) (1 — 2)(z — 2)

mx (720w e 39(12) g3 4(2) —36(2))
X (Sa(y1)S5(y2))(Sa(2)55(2))
x(Sa(y1)SB(y2)SC (2)S" (2)). (A.16)

The spin field correlators in the above equation are evaluated as

NI

(Sa(y1)S8(y2)) = ap(yr —y2)~ 2, (A.17)
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2>

(Sa(2)S4(2)) = 4502 — 2)77, (
(Sa(11)SB(y2)S(2)SP(2)) = (11 — y2) (W1 — 2) (g1 — 2) (g2 — 2)(y2 — 2)] 7 (2 — 2) s

X [=(y1 — 2) (g2 — 2)64“08" + (11 — 2) (g2 — 2)64705°] .

(A.19)

18)

The correlator of the ghost part is given in (A.4). After performing the y9 integration , the
result is

_ _ —1/2.— 2 -
<<V/EA,1/2)V/E4/1/2)V7( 1/2, 1/2)>> _ %tr { M/aAM;Bm(%a/)%f[am(AB)%B} .(A.20)

Here the cocycle factor has been evaluated as +1.
The second amplitude is

(—1/2) 1/2)1,(=1/2,—1/2) 1 1 2 9 of 2 _A B L a5
(Va v( />v W= S s — (27 ) gy <ﬁ>trk[u uB(2mra’)2 Fl ﬁ](CD)]

« /yl dys (11 — 2)(ys — 5)(z — 2)

R R O )

x(e”
< (A(y1)A(y2))(Sa(2)S5(2))
(Sa(y1)Sp(y2)S (2)SP (). (A.21)

X

The correlators of the ghost and spin fields have been evaluated in (A.4), (A.18), (A.19).
The correlator of the twist field is given as

—_ 1
(Ay1)Ay2)) = (y1 —y2) " 2. (A.22)
After performing the ys integration, we find
_ _ 2 .
<<Vﬂ( I/Q)Vﬂ(fl/z)ng 2 1/2)» trk [2;1 i 7Ti(27ra/)%]~"[aﬁ](AB)edﬁ-]. (A.23)

Here the cocycle factor has been absorbed into the redefinition of u and f.

B The ADHM construction

Here we briefly summarize the ADHM construction of instantons with topological number
k, where k is a positive integer. We introduce the (N + 2k) x 2k matrix Ayj, which is
given by

A)\jo'z = a)ja t b)\j'gdmgdxm, (B.l)
where a, & = 1,2, A=1,2,... ,N+2kand i,j = 1,2,...,k. ay;s and b)\]ﬂ are the constant
matrices. They are decomposed as

ujce 0 .
aAja:<(Zj.])ij>, bAjB:(@j(SaB)’ A=u+ia, u=1,2,...,N. (B.2)

[e70%
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These matrices w, a’ are called bosonic ADHM moduli. A obeys the condition

iy B . 1 . -1
AP s = (F7Di0%, fij = §wz'auwujd+(xm5ik+(alrn)ik)(xm(skj+(alm)kj) , (B.3)
where the barred matrix denotes its Hermitian conjugate. The first equation in (B.3)
is called ADHM constraint. In terms of the ADHM moduli o/, w, and w, the ADHM

constraint can be rewritten as

(rc)dﬁ.(wﬁwd +aPeal ) =0, a, =d,. (B.4)
We also introduce (N + 2k) x N matrix U which satisfies
AU =0, UU=1y, UU+ AsfA% =1n o, (B.5)
where 1y is the N x N identity matrix. Then the self-dual equation F,(n0 (&) = 0 is solved
in terms of U as
AO = _iU9,,U. (B.6)
The corresponding gauge field strength Fy(nOT)L is given by
FYO) — —4iUb (0nn)o” fO3U. (B.7)
We discuss the fermionic part in N' = 4 theory. We solve the Dirac equation

6meA(O)A = 0, where V,, denotes the covariant derivative in the self-dual instanton

background. The ansatz of the solution is
ADA = T(MA fby — bo fMT, (B.8)

where M4 is the (N + 2k) x k constant matrix. Plugging (B.8) into the Dirac equation,
we obtain

7"V AOA = 200 f(MAA + AMA) f,U. (B.9)
Then we have the fermionic ADHM constraint:
MAN + AMA =0, (B.10)
or equivalently
itwe + wapt + MO al ] =0, M= M4, (B.11)
where we have decomposed M# as
A
M = <(~Aﬁ§{)ij>7 (B.12)

ij and M2 are called the fermionic ADHM moduli.

Now we solve the equation of motion for the scalar field gpgo) (3.12) with the asymptotic
boundary condition lim|,_ SDSLO) = ¢?. First we consider the case of C = 0. The ansatz
of the solution is

1 - - [0
0O = (89 pTUMAfMPU + T <¢“ ! ) U. (B.13)
4 0 Xa]-2
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Computing VQQDELO) explicitly, we obtain

. 0 —
V20 = (5 apAOAAOP 14T | £ (5 ap MAMP — (77, xa}+ A% <¢g X01>Aa U
at2

_ _ 1 - _ . _
= (29 4gADAANOB L 47p f(Z(E“)ABMAMB — Ly, + wo‘qﬁgwd) fbU,  (B.14)
where Ly, is defined by

1 .
an = 5{11}0411)(5“ Xa} + {alm, [alm’ Xa]i| . (B15)

Then Lp((lo) satisfies the equation of motion if y, satisfies

1

TEABMAMP . (B.16)

LXa =

In the case of C' # 0 we change the ansatz of the solution as

1 - _ - [0 0
0) = (YA gUMAFMPU+T |7 U B.17
Pa 4( )AB M fM + 0 Xa12 + ]-k;Ca ; ( )

where C, is the 2 x 2 matrix of which components are (Ca)aﬁ = (0™)0?Cyina. Now one

can show that

VQQO((IO) _ (ia)ABA(O)AA(O)B + 4[7bf %(EG)ABMAMB

T ,
- 2f 1Ca_{f 17Xa}+A <% X12+1kC>Ad foU.

(B.18)

The second term in the square brackets in (B.18) becomes the deformation term
—iC’m"“F,g,?% in the equation of motion by using (B.7). The C-dependent part in the

last term in the square brackets becomes

A (00 ) As= (@ 4 2700) " (Ca)a” (@ + 2700 = CTaal). (B9)
0 1,C,

Then we obtain

VQQD((IO) _ (Sa)ABA(O)AA(O)B _ iC’m"“F,(nO)

n

T L & AN B & 10 / / 7 (B'20)
+4Ubf Z(EG)ABM MP — Lxg + 0% ws + C""ay,, ay,] | f0U.
Hence <p((10) is the solution of the deformed equation of motion if x, satisfies
1 S\a A B —& 0 mnarf,/ /
Lo = 1 (E)apMAMP 40 g + O™, ] (B.21)
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